A relevant modelling method of distributed interconnect line for the high-speed signal integrity (SI) application is introduced in this paper. By using the microwave and transmission line (TL) theory, the interconnect lines are assumed as its distributed RLC-model. Then, based-on the transfer matrix analysis, the second order global transfer function of the interconnect network comprised of the TL driven by voltage source including its internal resistance and the impedance load is expressed. Thus, mathematical analysis enabling the physical SI parameters extraction was established by using the transient response of the loaded line. To verify the relevance of the developed model, RC-and RLC-lines excited by square-wave-pulse with 10-Gbits/s-rate were investigated. So, comparisons with SPICE-computations were performed. As results, transient responses perfectly well-correlated to the reference SPICE-models were evidenced. As application of the introduced model, evaluations of rise-/fall-times, propagation delays, signal attenuations and even the settling times were realized for different values of TL parameters. Compared to other methods, the computation execution time and data-memory consumed by the program implementing the proposed delay modelling-method algorithm are much better.
INTRODUCTION
In the late of 1950s, thanks to the deed scientific and physical analyses on the semi-conductor materials, the mankind discovers the era of microelectronics. This industrial period was born with the invention of the integrated circuits (ICs) by Jack S. Kilby from Texas Instruments [1] . The impact of this invention was awarded with the Nobel Prize in physical discipline in 2000. In the middle of the 1960s, the Intel co-founder Gordon Moore who is one of the pioneers in Silicon Valley [2] [3] , formulated an empirical law stating that the performance of ICs, including the number of components on it, doubles every 18-24 months with the same chip price. With this spectacular progress, the understanding of the physical effect in the components is fundamental.
Then, one of the most developed mathematical prediction enabling to foresee the progress of the microelectronic circuits performance is known as Moore's law was proposed [4] .
Till now, the electronic technology develops with higher integration scale according to this analytical prediction which manifests with the increase of the operating frequency and the integration density [5] [6] [7] . For the better understanding in the matter of the basic functioning of this technology, a large scientific background on the physical approach permitting an accurate analysis of the circuit and system equivalent behaviours or electrical modelling, electromagnetic (EM) effects on the wave propagation and also the mathematical approach for the signal theory are necessary [8] [9] [10] [11] [12] [13] . The synergy of all these multiphysic fields constitutes the particularity of the signal integrity (SI) discipline which is one of major steps for investigating the analogue and digital high-speed systems.
Despite the spectacular technological progress of microelectronic systems, the complexity of the IC structures including the increase of their interconnect density, which link several million of logic gates, becomes more and more sophisticated. Beyond the unintentional perturbation phenomena as the electromagnetic interference (EMI) and electromagnetic compatibility (EMC) emissions [8] [9] , this electronic printed circuit board (PCB) and IC design complexity can generate systematically a serious problematic in terms of SI and power integrity (PI) of the interconnection networks [10] [11] [12] [13] .
To cope with this issue, the design research engineers must innovate their techniques by taking into account the electrical interconnection influences. Usually, the mathematical predictions enabling to model the undesired physical aspects (loss, distorsion, delay, overshoot…) induced by the interconnect structures are based on the electrical model defined by the per-unit length parameters RLCG [14] [15] [16] . Till now, the most popular theory used for the analytical investigations of the interconnect structure are based on the Elmore [17] and Wyatt [18] [19] [20] models named also as lumped RC-model are used by most industrial semi-conductor designers for estimating the typical linear system transient responses. In fact, the models introduced and used in [17] [18] [19] [20] are fundamentally developed with the first order approximation of the interconnect system operating-voltage transfer function. Despite this simplicity, since the late 1990s, it has been underlined that with such an approximation, compared to second order lumped models [21] [22] [23] [24] [25] [26] [27] [28] , the transient response parameters as the rise-/fall-times and the propagation delay can present relative errors more than 30-%. Furthermore, the first order model is not sufficient for analyzing certain phenomena as the current or voltage under-and over-shoots. For this reason, with the current electronic systems operating frequency, which achieves some GHz, the second order parameters as the inductance effect become more and more significant in the high-speed interconnect networks as PCBs, ICs packages and even connectors. One of the simplest existing delay models recently proposed [23] [25] [28] [29] [30] is based on the linear systems with canonical transfer function written as:
with T 0 is a real constant, and a ω and ζ are respectively the undamped natural angular frequency and damping ratio. But this model is valid only for the transfer function with linear polynomial forms. So, further and deeper analysis is necessary for the complex systems governed by typically non-linear transfer functions as the distributed transmission lines (TL).
To do this, an example of technique for compensating the degradation induced by interconnect lines is introduced in [24] [25] [28] [31] . More recently, interconnect effects equalization technique, particularly, for reducing the signal delays [32] [33] based on the use of the negative group delay circuit whose the principle is developed in [34] [35] has been introduced. Moreover, accurate, optimized and also easy to implement models enabling the prediction of these unwanted effects are indispensable [36] [37] [38] [39] . In this scope, new generations of design strategies and commercial numerical tools for simulation and characterization of various 3-D structure geometries permitting to ensure the signal fidelity at Gbits/s-speeds were recently reported [40] [41] [42] [43] [44] . But, the computed results with these tools remain critical when the designed structure like entire systems (SiP, SoC, PoP, BGA packages…) present many levels of integration. Nowadays, easier and more relevant modelling method of electronic circuit interconnect network is still needed.
For this reason, a modelling-method based on the distributed interconnection network is developed in this paper.
For the clearance of readability, this paper is structured in three sections. Section 2 describes the fundamental approach enabling to determine the transfer function of the distributed electronic network interconnection system. Then, basic matrix theory applied to the generalized periodical lumped circuit constituting the assumed interconnect system will be proposed. In addition, a mathematical analysis of the established model unit-step response enabling to the calculation of the SI-parameters as the propagation delay, rise-/fall-times, settling time and even the attenuation will be carried out. Hence, validations through computations with the reference tool SPICE-environment will be offered in Section 3. Lastly, Section 4 is the conclusion and some prospects of this work. In order to investigate the integrity of the mixed or analogue-digital signals propagating through the whole interconnection system shown in Fig. 1 , a relevant knowledge about the analytical behaviour of equivalent transfer function is essentially indispensable. In fact, this allows the extraction of different transient or timedomain parameters. For that one can proceed with a theoretical approach based on the exploitation of the equivalent transfer matrix of each circuit block constituting the whole system.
DESCRIPTION OF THE ANALOG HIGH-SPEED INTERCONNECT SYSTEM CONSIDERED
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Analysis of distributed line model
By using the interconnect input impedance expressed in appendix (A-4) and according to Ohm's law, the input current I i (s) injected in the circuit shown in Fig. 1 should be written as:
(
In order to achieve more explicit analytical development, In this case, the transfer function expressed in formula (A-3) is transformed as follows:
By replacing s by jω, due to the presence of the terms cosh(.) and sinh(.), the transmittance of the structure under study can be determined. From there, we can deduce the time-domain response through fast Fourier transform (fft). But the accuracy of the fft and inverse fft (ifft) remains critical when the bandwidth of the input signal is larger than 10 GHz. In addition, the exploitation of the frequency response to deduce the transient characteristics of the transfer system (as overshoot, rise-time, time-response) is impossible. For this reason, a polynomial approach permitting the extractions of these transient parameters is developed in the next section.
Extraction of the transient response parameters
In fact, the assessment of the SI-parameters suited to the distributed TL understudy from this non-polynomial transfer function is mathematically very complicated because the transient response is relatively complicated to express analytically. For this reason, one proposes to exploit the distributed RLC-network described in Fig. 2 .
Thanks to the MacLaurin polynomial expanding of the denominator, the transfer function in (A-3) can be approximated as:
By identification between the second-order approximation of transfer function expressed in (4) and the canonical form introduced earlier in (1), one can write the following parameters:
According to the damping ratio value ζ, one distinguishes three different cases of unit-step responses which enable to determine the transient response parameters prior to the evaluation of the output SI-parameters.
It is interesting to note that the limit of the model presented here depends on two parameters. First, by denoting f max , the maximal operating frequency and v, the speed of the signal propagating along the interconnect line, the rise-time of the input signal which must be higher than [15] :
Then, according to the limited polynomial expansion, the inaccuracies of the model can be evaluated with the high-order terms of the transfer function expressed in (3) . For example, the influence of the dominant third-term can be considered with the series MacLaurin expansion by the third-order coefficient expressed as follows for the RLC-interconnect model:
In difference with the model established in [45] , here, the root of the equation v o (t) = 0 with the direct calculation enabling achieving more accurate and precise mathematical expressions is considered. So, in the remainder of this section, the detailed formulae on the different SI parameters are offered.
Case 1,
It is well-known that in this case, the under consideration system behaves as a classical overdamped system. Clearly, it should present an overshoot here denoted by ξ at the time, ξ T which are respectively, expressed as:
Hence, the ±5-% settling time is defined as:
More importantly, the 50% propagation delay is estimated as: 
In the present case, by approximating the output voltage v o (t) as its tangential line passing through its unique inflection point, one demonstrates the here below rise-time formulation: (17)
Case 2,
In this case, the normalized output unit step response is literally written as: 
where L W (x) expresses the mathematical Lambert function of x, which is defined as a mathematical function satisfying the following equation [46] [47] :
Nevertheless, simpler formulations of the 50-% propagation delay and the rise-time are estimated as: 
Case 3, 1 > > > > ζ ζ ζ ζ
In this case, it is obvious that T(s) behaves as an underdamped system with two real poles:
Moreover, by exploiting the dominant term (here based on the contribution of the pole ω 2 ) of the normalized unit step response for high value of the temporal parameter t, the ±5-% settling time is established as:
Similar to case 1, by approximating the output v o (t) as its tangential line passing through its unique inflection point, the propagation delay demonstrated is written as follows:
Finally, knowing that in this case of underdamped system, the whole transfer function is formed by the product of transfer function having rise-times 1 ) 9
ln( τ and 2 ) 9
ln( τ , the overall rise time can be estimated as:
In general way, regarding the three cases cited previously, it is clear that the normalized unit step response voltage attenuation ) ( 0 t α at the given instant time t = t 0 is explicitly defined as: 
To get further insight about the efficiency of this theoretical concept, validation toward SPICE-computation environment of the ADS-software from Agilent TM is performed in the next section.
APPLICATION
This section focus is on the comparisons of time-domain results computed from the proposed modelling method and those directly simulated with SPICE. It is interesting to note that the Spice which uses mainly computation technique based on the nodal calculation method is the industry standard for electrical simulation because of its accuracy and the availability of free source code. After transient simulation run from t min = 0 to t max = 300 ps and step t = 0.1 ps, one gets the comparative results displayed in Fig. 4(a) for the output voltage and shown in Fig. 4(b) for the time-dependent input current regarding the normalized unit step input. Furthermore, to check the effectiveness of the mathematical analysis on the transient response parameters detailed in subsection 2.2, comparisons with SPICE-computations were realized. Therefore, the results summarized in Table 1 One points out that the results presented were calculated by implementing the formulation established with the scientist standard tool Matlab. The attenuation can be estimated as the final value when the given pulse duration t 0 is higher than the settling time. To do so, via formulae (4) and As the settling time for R u = 5 Ω/mm is of about t s ≈ 76 ps then lower than the input pulse duration t 0 = 100 ps, the attenuation α(t 0 ) can be considered as equal to T(0). As confirmed by Table 1 , the results from the proposed model are much closed to the SPICE-computation. It means that to preserve the output voltage amplitude as higher as possible, one should operate with digital signal having pulse duration absolutely higher than the TL network settling time t s . In the next section, the investigation of the RLC-model by taking into account the inductive parameter of the TL is presented.
Numerical experiments with distributed high

Numerical experiments with distributed high-speed RLC-line
With the same configuration as in the previous subsection, an RLC-model interconnection network as presented earlier in Fig. 2 were designed and simulated. So, the results depicted in Fig After transient simulation run from t min = 0 to t max = 500 ps step t = 2 ps, the time domain computation results model are displayed in Fig. 6 . In difference with the case of RC-lines, here, overshoot phenomena and significant pure delays are occurred. It is underlined that the inductive effects increase with the length of interconnects.
Despite these effects, we can find that once again, as forecasted in theory, the signal 50-% propagation delay increases with the per-unit inductance L u .
T im e , n s In addition, according to the comparative results with respect to the calculation of the propagation delay parameter, the numerical values addressed in Table 2 for different values of per-unit length inductance L u are realized. Compared with the results presented in [45] , we emphasize that for the interconnect line with 5-mm length, better values of propagation delay relative errors are confirmed. To sum up the all above investigations, concluding remarks is drawn in the next section.
CONCLUDING REMARKS
A modelling-method of distributed interconnection network for the high-speed SI-analysis was investigated. The developed model is based the interconnect TL comprised of RLC-network. For that the TL is essentially characterized by its per-unit electrical parameters R, L and C and its physical length.
Thanks to the exploitation of the under consideration system transfer matrix, the second-order analytical approximation of the global transfer function was established. Then, it was demonstrated mathematically how to determine accurately the transient response parameters such as rise-time, 50-% propagation delay and settling time. It was found that the developed model provides an easy way for the SI-parameter evaluations whose the exact and usually non-linear interconnect-system transfer function remains analytically very complicated to explore. In order to evidence the relevance of the introduced theoretic formulations yielded from the developed model, simulations of circuitry comprised of loaded RC-and RLC-lines were carried out. Then, comparisons with SPICE-computations were also performed by considering input square-wave pulse voltage having 10-Gbits/s-rate in function of the TL-parameters.
The main benefits of the presented modelling-method lie on its simplicity, its flexibility for the integration in the computation tools for the prediction of the layout trace as the PCB or typical chip-to-chip interconnection.
Furthermore, the following remarks were found out:
1) The proposed modelling-method enables to extract efficiently transient parameters.
2) This generates attenuation permitting to predict the level of the output voltage according to the input signal time duration.
3) The programming implementing the investigated method algorithm executed with Matlab was run during very less computation time only in order of ms for generating considerably accurate results.
4) The developed discrete model can be adapted to the computed-aided design of all mixed or analogue-digital electronic system dedicated in particular to the SI characterization.
In the next step of this work, the application of the validated modelling-method for the prediction of the high frequency analogue-digital module operating at several Gbits/s is outlined. In addition, the perturbation SI effects as reflections, ringing and crosstalk will be investigated by considering the total transfer matrices of systems comprised of multi-conductor interconnect lines.
APPENDIX
According to the circuit and system theory, the transfer matrix of the TL characterized by its transfer impedance where γ is the propagation constant of the under consideration TL. So that, it is well-known that the global transfer matrix of the overall system (TL driven by a source having internal resistance R s cascaded with a shunt resistance R L ) introduced above in Fig. 1 is equal to the following matrix product: 
